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1 Abstract

This papergeneralizeprogramslicing algorithmsoriginally de ned overrepresentationsf programs
to operateoverdirectedgraphs.Doing so providesa uniform frameworkto modelWeiser'sandOttenstein
& Ottenstein'sapproachedo programslicing as abstractmathematicaloperationstranspareniof any
concernf a program'sstructureor its semantics.This transparencyelpsusin a) deriving calculational
styleproofsof algebraicpropertiesof slices,b) makingmoregeneralssertionsaboutthesepropertieshan
thosepreviouslyestablishedand c) generalizingWeiser'sslicing criterion to allow union of statements.

The two programintegration algorithms due to Reps and Horwitz, Prins, & Repsuse program
slicing as an elementaryoperationand are generalizedo integratedirectedgraphs. Thesealgorithms
canthereforebe usedto integrateversionsof any artifactthat may be represente@s graphs for instance
versionsof speci cation and designof softwaresystems.

2 Introduction

A slice of a programwith respectto a programpoint p and variable u consistsof all statements
of the programthat may affect the value of u at point p. Programslicing, the techniqueof extracting
a program's slice was introducedby Weiser [Wei84]. He showedthat programslicing aidedin the
debuggingof programs. Later works have used programslices in measuringmodule cohesionand
assistingin software maintenance.

Later works [KL88, AH90] introducethe notion of dynamicslice the setof statementshat affect
the value of a variableat a particular ‘instance'of a programpoint during the executionof a speci c
input. In comparisora slice de ned by Weiseris termedasa staticslice In this paper,exceptin Section
8, we restrictour attentionto static programslices. Henceforth,unlessexplicitly stated,a programslice
implies a static programslice.

There are two approachego programslicing, one due to Weiser [Wei84] and the other due to
Ottenstein& Ottenstein[O084]; referredto here as Weiser's slice and O-O slice, respectively. The
approachesliffer on their slicing criterion - factor on which a slice is performed- andthe techniquefor
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Table1l A comparisonof variousslicing algorithms. All but Weiser'salgorithmidentify the setof statements
in a slice by performinga reachabilityanalysisof their representatiographbasedon the slicing
criterion. The modi ed Weiser'salgorithm of Section3 usesthe sameslicing criterion as Weiser's
algorithm and producessimilar resultsby performingreachabilityanalysis.

Algorithm Scope Representation Slicing criterion Technique
procedure
Weiser's[Wei84] multiple Flowgraph Statement, incremental ow
Variable analysis
Ottenstein& Ottenstein single ProgramDependencgraph | Statement reachabilityanalysis
[HPR883a]
Horwitz, Reps,Binkley multiple Systemdependencgraph Statement reachabilityanalysis
[HRB9O]
modied Weiser's single extendedPDG Statement, reachabilityanalysis
section3 Variable

detectingstatementdelongingto a slice, as shownin Table 1. The speci ¢ slicing algorithms[Gal90,
HRB90, 0084, OT89, Wei84] further differ on whetherthey processsingle procedureor multiple
procedureprograms and the internal representatiorthey usefor programs.

An interestingapplication of program slicing is the problem of integrating multiple versionsof
programs. This problem,formalized by Horwitz, Prins, and Reps[HPR88a], may informally be stated
asfollows. Let A andB betwo programghat arevariantsof a third programBase Let M be a program
suchthat a) it 2preserveshe changedbehavio? of both A and B wrt to Baseandb) it 2preserveghe
preservedbehaviors®of Basein both A and B. The problemof programintegrationis to nd M given
A, B, and Base If sucha programdoesnot exist, A and B are said to interfere with Baseand the
algorithm should detectit.

The needfor programintegrationcommonly arisesin scenarioswheretwo personsmay perform
simultaneousmodi cations to a programand thesemodi cations are neededto be meiged such that
the conditionsstatedaboveare satised. Horwitz, Prins,and Repsusedprogramslicing to identify the
preservedand changedbehaviorsbetweenprograms. There are three reportedalgorithmsfor program
integration: HPR algorithm [HPR88a], Reps' algorithm [Rep90], Yang's algorithm [Yan90]. Figure 1
givesa schematiadiagramcomparingthe internal representationssedby thesealgorithms.

As is obvious,the proof of correctnes®f the slicing and integrationalgorithmsand of propertiesof
their resultsdependvery stronglyon the internalrepresentationf their programsandthe operationghey
useto producethe results[HPR88a,Rep90,Wei84]. Sincethe algorithmsusedifferent representations
and/oroperationstheseproofs needto be establishedafreshfor every combination.

In this paper,we de ne a modi ed Weiser'salgorithmthat hasthe sameslicing criterion as\Weiser's
algorithm but usesreachabilityanalysisto detectstatementdelongingto a slice. This implies that both
O-0 andmaodi ed Weiser'sslicing algorithmsperformreachabilityanalysisto detectstatementsn their
slice. They howeverdiffer the representatiorof the programon which they operateand their slicing
criterion. This leadsus to abstractreachabilityanalysis the techniquefor detectingstatementsn a slice,
as an operationon directedgraphs. We call this graph slicing.

We usethe phrasesingle procedureslice andmultiple procedureslice to meanintraproceduraslice andinterproceduraslice, respectively.
Due to the similarity in their spellings,the latter phrasegequireextra cautionby the authorsandthe readersalike.
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HPR or Reps' Integration algorithm

Program Dependence Graph Representati(;n

Yang's Integration Algorithm

O

Program Representation Graph Representaﬁo

Programs Program
(operands) (result)

Figurel Schematicview of HPR, Reps', and Yang's programintegrationalgorithms. The algorithmstranslatethe
operandprograminto their respectiveinternal representationintegratethe operandsn theseinternal
representationand then createthe programthat correspondso this internal representation.

graph slicing and integration

»
!

directed graph

O O Graph representatio O O
O O Artifact O O
SpecificationDesign ~ Program Program  Design Specification

Figure2 Schematicview of the bene ts of abstractingslicing and integrationoperationsas operationsover directed
graphs. The HPR and Reps' programintegrationalgorithm can be usedto integrateprograms
in graphrepresentationstherthan PDG. Analogously,artifactsfrom other domains(designs,
speci cations)may also be sliced and integratedwith meaningfulresults. The constraintson the
representatioror the meaningof the resultingartifactsare discussedn Section9.

We further note that HPR and Reps' integrationalgorithms,but not Yang's algorithm, are de ned
over programdependencgraphrepresentatiorof programsusing programslicing, graph-theoreticand
set-theoretioperationdo performthe operation.We de ne analogouslgorithmon directedgraphsusing
graph-slicinginstead. We call this operationgraph integration.

This generalizationof programslicing and programintegrationto operationsover graphshasthe
bene t thatit allowstheinvestigationof propertiesof theseoperationsndependenof the contextof their
usage. This leadsto isolating the propertiesof thesealgorithmsinto two categories:

1. thosethat can be derived solely from graph-theoreticreasoning,referredto herein as syntactic
properties and
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2. thosethat dependon the interpretationassociatedo the graphrepresentationggeferredto hereinas
semanticproperties

Thisimpliesthatthe syntacticpropertiedor programslicing andintegrationalgorithmscanbe derived
from the propertiesof analogouggraphoperations.The proof of thesepropertiesfor every combination
of representationand/oroperationscan be extrapolatedrom the proofs of the correspondingproperties
for graphs.

We model Weiser and O-O programslicing algorithmsusing graphslicing. We discoverthat the
propertyof “union' of slices- a syntacticproperty,for modi ed Weiser'sslicescanbe generalizedurther
than what was investigatedby Weiser. Loosely speaking,Weiser had found that the union of slicesat
the samestatemenbut differentvariablesis the sameasthe slice at that statementandthe two variables.
We nd that the union of slices at different statementdut the samevariablesis alsothe sameas the
slice over the union of the slicing criterion.

The propertiesthat relatethe meaningof the resultingprogramto that of the operandprogramsfor
bothintegrationandslicing algorithmsareclassi edassemantiqroperties. Thesepropertiesjntrinsically,
needto be establishedor every combinationof interpretationassociatedo a languageandthe relations
encodedvy the graphrepresentationsRepsand Yang[RY89] useoperationainterpretationof programs
and formulatethe meaningof a programpreservedn its slicesas the slicing theoem Similarly, they
establishthe meaningof the programgeneratedy the HPR integrationalgorithmin termsof the operand
programsand statedit as the integration theoem

Our generalizationgives some interesting insights into the integration operation. It splits the
integrationtheoleminto two parts: the syntacticintegrationtheoremandthe semantidntegrationtheorem.
The rst theoremstatesrelation betweenthe structuresof the operandsand resultsof integrationas
graph-theoretiexpressionsvhereaghe secondheoremrelatesthe meaningof the operandsndresults.
Since our directedgraphshave no speci c interpretationwe statethe secondtheoremin termsof an
abstractinterpretation. We further show that the semanticintegrationtheoremcan be proved for any
interpretationthat satis es a slicing axiom

One implication of this generalizationis that if a multiple procedureslicing algorithm can be
abstractedn termsof graph slicing and satis es the slicing theoremthen it canbe usedwith the HPR
andReps'programintegrationalgorithms,currentlyde ned for integratingsingle procedurgprogramsto
integrateprogramgfor multiple procedureprograms.The Horwitz, Reps,andBinkley's [HRB90] multiple
procedureslicing algorithmunfortunatelycannot be abstractedsgraphslicing andhencethe possibility
of its usefor programintegrationwith HPR or Reps'integrationalgorithmhasto be investigatedxplicitly
(asin [Bin91]); it doesnot follow from our ndings.

Thereare otherinterestingimplicationsof our generalization.Theseare discussedn Section9 and
outlined in Figure 2.

Therestof the paperis organizedasfollows. In the nextsectionwe presentbackgroundnformation.
This includesnotationsusedin this paper,de nition of programdependencgraph,HPR and modied
Weiser's programslicing algorithm, and HPR programintegrationalgorithm. Section4 de nes graph
slicing and presentssomepropertiesof theseslices. Section5 modelsthe HPR and modied Weiser's
slicing algorithmsusing the abstractionrdevelopedn Section4. Section6 de nes graphintegrationand
Section7 outlinesthe requisiteslicing axiomthat shouldhold to derivethe semantidntegrationtheorem.
Section9 presentsour conclusionsof the implicationsof our generalization.
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3 Background

Notations

is a directedgraph if , Where is a setof verticesof the graphand
its edges. We use the notation to denote and to denote . Further, for elements
belongingto the set of edgeswe use the notation to denotethe coordinatepair . The
notation denotesthat either or such

The graph is a subgraphof if and

is usedas a shorthandfor and is extrapolatedo
If is a binary operatorthen extendsit over n-tuple and
is de ned as follows. Let i and i be -tuples.

i - ... Thusthe settheoreticoperators and extendedto and
respectively.
The  elementof an n-tuple is referredas . Whenusedwith a setof n-tuple it givesthe set
of elementsof all its elements.

Programs

We restrictour studyto programswrittenin asimpleprogrammindanguageconsistingof assignment
if-then-else while, read andwrite statementsvith the conventionallyacceptedsyntax. It alsohasanend
statementhat appearsat the end of a programandmay havea list of variables.This is a specialtype of
outputstatementindis usedto list the variableswhosevaluesare of interestat the end of the program.
The languagealsohasstatements$o declarethe startof a programandto declarethe variableslocal to a
program. Only scalarvariablesare permitted. The procedureand declarationstatementsre considered
non-executablstatement@ndare not signicant for slicing andintegration. Other statementsre called
executable This languageconsistsof some commonfeaturesof languagesusedHorwitz, Prins, and
Reps[HPR88a]andWeiser[Wei84] for performingsingle procedureslices. Restrictingourselvedo this
languageenablesus to compareslicing and integrationalgorithmsfrom different sources.

The programslicing algorithmsare guidedby dataand control dependencebetweenthe statements
of aprogramwhich maybe gatheredusing ow analysisfASU86, Hec77]. Two setsof variables  and

are associatedvith the nodefor eachstatementgxceptthe procedurestatement.The rst consists
of all the variableswhosevaluesmay be changedoy that statementnd latter the setof variableswhose
valuesit uses. The two setsare de ned as follows:

a contains ° then and ‘occurs in some'
a8 containsread ° then and .

aj containsprint ° then and ‘occursin some'

aj containsif then ...° then ‘occursin some' ,
aj containswhile do ...° then ‘occursin some' ,
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aj containsend then and

A variableis saidto be referred at a statementf it is eitherde ned or usedthere.

In a owgraph [Hec77],a path , , containingno defsof in nodes
is said be de nition-clear wrt v from nodei to nodej.

A de nition d of a variablev at nodex is said to reachnodey iff d is in def(x) and thereis a
denition-clear pathwrt v from node x to nodey. The de nition at nodex is saidto reachthe node
y. With everyvertexof a owgraph we associateanotherset which is the set of all the vertices
containingde nitions that reachthe vertex .

Program dependencegraph

Ottensteinand OttensteifO084] de ne a programslice usingthe PDG representatiof programs.
Programslicing algorithmsusing their approachemploy somevariation of this graph. HPR and Reps'
programintegrationalgorithmsoperateon PDG representatiomf programs.This subsectiorpresentsa
brief sketchof programdependencegraphs.

The PDG representatiorusedby [O084] is a variation of a themeintroducedin [KMC72]. The
denition of programdependencgraphpresentechereis paraphrasedrom [HPR88a].

The programdependencgraphG for a programP is a multigraph. The verticesof a PDG represent
programcomponentsand the edgesrepresentow and control dependenceamongcomponents.There
is a vertex for eachassignmentnd control predicatein the program. In addition, PDGsinclude two
other categoriesof verticesz thereis a distinguishedvertex calledthe Entry vertex; for eachvariable
x that is usedbefore being de ned, thereis a vertexlabeled x := Initialstate(x) The Entry vertexis
treatedas a predicatevertex (that is alwaystrue).

The edgesof a PDG aredivided into control dependencedgesand data dependencedges.There
are two kinds of datadependencedges: ow and def-oder dependencedges.

The sourceof a control dependencedgeis alwaysa predicatevertex. Thereis a control edgefrom
a predicatevertex u to a vertexv if v represents programcomponenthatis immediatelynestedwithin
the control constructwhosepredicateis representedby u. The control dependencedgeis labeledby
the truth value of the branchin which v occurs.

Thereis a ow dependencedgefrom vertex to vertex , denotedby ,if  denes
avariable and usesthe variable andcontrolcanreach after via an executionpath along
which thereis no interveningde nition of

Thereis a def-oder dependencedgefrom vertex to  iff all of the following conditionshold:
both  and de ne the samevariable; and arein the samebranchof any conditionalstatemen
that enclosedhoth of them; there existsa programcomponent  suchthat and ;
and appeardo the left of in the program'sabstractsyntaxtree. A def-orderedgefrom to
is denotedby .

Figure 3 showsa programandits programdependencgraph.

If is a programits PDG is denotedby

De nition: A PDG is feasibleif thereexistsa program that corresponddo it; it is infeasible
otherwise.

2

The ow dependencedgesare further classied as loop-carriedand loop-indeependent.This classi cation is not signi cant for the
purposef this paperandis omitted.



February24, 1993

program
X =5
y =5
a =1
while a , 5 do
X = X +y
y = X -y
a = a +1
end
end(x,y,a)

Figure3 Programdependencgraphof a sampleprogram. The control edgesarerepresentedby boldfacearrows. The truth
valuesof theseedgeds not shownto keepthe graphsimple. Loop-carriededgesarerepresentetdy solid arrowswith a hashmark.
Loop-independenedgesarerepresentedby solid arrows. Def-orderedgesare representedby solid arrowswith a circle mark.

Ottenstein & Ottenstein's program slicing algorithm

Ottenstein& Ottenstein's(O-0) de nition of slice [0084] differs from Weiser's [Wei84] original
de nition of programslice. A programslice accordingto themis a setof programstatementshatdirectly
or indirectly contributeto the computationperformedat someprogrampoint. This slicing criterion, or
parameter®n which a programis to be sliced, accordingto this denition consistsof a statement.

The O-0 slicing algorithmoperatesn the programdependencgraphrepresentatiof the program
and hencemay be statedin termsof the graph(insteadof the program). For a vertex of aPDG
the O-O slice of with respectto , written , Is a graphcontainingall the verticeson which

hasa transitive ow or control dependence:

Repsand Yang[RY89] showthe following semantigpropertiesof programslicescomputedby O-O
algorithm.

1. (FeasibilityLemma). For any program , if is a slice of then is a feasiblePDG.

2. (Slicing Theorem).Let bea sliceof a program with respectio a setof vertices.If is a state
onwhich halts,thenfor anystate thatagreeswith onall variablesfor whichthere are initial
de nition verticesin

a. halts on
b. and computethe samesequenc®f valuesat eachprogrampointof , and
c. the nal statesagreeon all variablesfor whichthere are nal-use verticesin

3

Ottenstein& Ottensteirdid not expresgheslicing algorithmlike this. This formalizationwasdoneby Horwitz, Prins,andReps[HPR88a].
They de ned We believethis de nition is not precisesincefor to beincludedin
the slice it requiresan edge
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Horwitz, Prins,and RepsgeneralizedO-O's slicing criterion  to consistof a setof statementand
de ned the resulting slice by replacing by:

With this de nition they showedthat:

We term the slicing criterion consistingof a single statemengs unit slicing criterion.

Weiser's program slice

Weiser's slicing algorithm differs from Ottensteinand Ottenstein'sin two respects:

1. its slicing criterion consistsof a 2+tuple,, statementyariable...,and

2. it performsincrementaldataand control ow analysisof the programto detectthe statementsn
the slice.

The implication of the rst differenceis that the set of slicing criterion on which a programmay be
sliced using Weiser's algorithm is the cross-producof the set of statementsand the set of variables
in the program. This setis larger than the set of statementsthe set of unit slicing criterion for O-O
slicing algorithm.

The secondifferencemakesWeiser'sslicing algorithmcomputationallymoreexpensiveahanO-0O's.
Thisis becausehe PDG of a programcanbe computedusinga constaninumberof passe®f the program
where as the numberof passesf the programrequiredby Weiser's algorithm dependson the nesting
depth of the statementon which the dlice is performed.

Agrawal and Horgan [AH90] haveobservedhat a program'sslice using Weiser's slicing criterion,
say, n,var...,.and PDG representatiommay be performedby @by nding all reachingde nitions of var
at node n and traversingthe programdependencgraph at thesenodes®. The statementsn the set of
verticesvisited during the traversalconstitutethe desiredslices.

The abovestatementthoughnot quite precise,gives the gist of the relationship. It may be stated
more precisely as:

De nition: Let P be a program,n and x be a statementand a variable, respectively,in P, and
be its PDG:

i whee if then
else

We call this algorithmmodi ed Weiser'salgorithm Sincea PDG doesnot representherelationships
use def andrd, a programslice cannotbe de ned completelyin termsof the programrepresentation
when using a PDG. In order to be able to do so we de ne an extended®DG in Section5 asa PDG
extendedto containtheserelations.

Weiseralso extendedhis slicing criterion to allow setof variablesinsteadof a singlevariable. This
canbe incorporatedn the abovede nition appropriately. Weisershowedthat for a setof variables
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Program integration problem

De nition [HPR88a,RY89]: Informally, integrationof programs and with respecto program
is the program  suchthat  preserveghe:

a. changesin the meaningof  with respectto :
b. changesin meaningof  with respectto , and
c. similarity in the meaningsof both and  with respectto

This may be statedmore formally as follows.

De nition [RY89]: A program s the integration of programs and , two variantsof a program
if for anyinitial state onwhich , ,and all halt, (1) haltson , (2)if isavariable
onwhichthe nal statesof and disagee,thenthe nal stateof agreeswith the nal stateof
on , (3)if isavariableonwhichthe nal statesof and disagee,thenthe nal stateof
agreeswith the nal stateof on ,and(4)if isavariableonwhichthe nal stateof , ,and
agree,thenthe nal stateof  agreeswith the nal stateof on

De nition: Two programs and interfere with respectto if theredoesnot exist a program
that integratesthe two.

The HPR andReps' programintegrationalgorithmsoperateon PDG representationf the programs.
A schematicview of their functioning is shownin Figure 1. They rst createPDGsfor the operand
programs,integratethe PDGsusing their respectivealgorithms,and createa programcorrespondingo
the resulting PDG.

HPR program integration algorithm

The HPR programintegrationalgorithm implementsthe following expression.

where and
The program  correspondingo the PDG , if it exists, is the integrationof programs and
with respectto , if and arenon-interfering.

Informally, is thesetof affectedpoints the setof statementsf program whosemeaning
is differentfrom thatin and is the setof preservedpoints or the statement®f
that have the samemeaningin , ,and

That the changedmeaningsof programs and is preservedin is ensuredif  and
do not interfere. The two programsdo not interfere if 1) and

and 2) is a feasiblePDG. Thesetwo testsfor interferenceare

referredto by Horwitz et.al. Typel and Type Il interferencetests,respectively.
Repsand Yang[RY89] provedthat the HPR algorithmintegratesnon-interferingprograms.

For the sakeof brevity we do not presentReps' programintegrationalgorithm [Rep90]. In Section
6 we statehow this algorithm may be generalizedo operateover directedgraphs.
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4 Unreachable subgraphs and graph slices

This sectionde nes graphslicesand somepropertiesof slicesof a graph.

The subgraph  is unreachablefrom the restof , or simply is unreachablesubgraph,if
o , where . Otherwise is reachable

Theorem 4.1 Thesetof all unreachablesubgraphsof a graph is closedundervectorintersectionand
union .

Proof:® Let , , and be directedgraphssuchthat is an
unreachablesubgraph(i.e. , , - ) and is anunreachable
subgraphi.e. , , and - ).
We haveto prove that a) is an unreachablesubgraph,(i.e. ,
, and )
and b) is an unreachablesubgraphi.e. , ,
and ).

The resultsa) and b) are provedin the following discussionby proving each of the individual
expressiongor it asa subproof. The subproofsusethe givenassumptiongbout and , settheoretic
deductionsand sometheoremsfrom settheory presentedn the following subsection.

Subproof: |

Subproof:
[Subproof: and
The other.ex.pressioris symmetric].
I
Subproof:
IE
Subproof: |

§ Most assertionsn this paperare provenusingcalculationalstyle proof procedure[Gri91]. Hints for justi cation of proof stepsarewritten
in smaller font and are underlined too. For the sakeof brevity, hints for stepsthat may be derivedeitherfrom denitions or from obviousset
theoreticformulationshave beenomitted.

10
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Figure 4 A graphand its slices at different vertices.

Subproof:

.l
Subproof:

I
De nition: Let bethesetof all unreachablesubgraph®of agraph with partialorder de ned as:
, (or equivalently, ). Also

Corollary: is alattice. Its leastelementis the emptygraph, , andthe greateselementis
De nition: is anunreachablesubgraphof  with respecto a vertexset if and .
It is a minimal unreachablesubgraphwith respectto if it is sucha subgraphwith minimal numberof
vertices,i.e. if and then SS The notation is usedto
denotethe minimal unreachablesubgraphof ~ wrt andis referredto asa graphsliceof over .

We next presentsome propertiesof graph slices. Their proofs are quite straight forward and are
left to the reader.
De nition: . is saidto be a slice of .

Reps[Rep90] de nes an analogousoperatorto relatetwo programswhereone programis the slice
of another.

88 denoteghe cardinality (or size)of the set .

11
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Lemma 4.2 ,
Proof:  Exercise. []
Therefore alsode nes a partial order on

Theorem 4.3 The graphslice may be computedas follows:

Proof:  Exercise. []

Lemma 4.4 Thee is a uniquegraph slice with respectto a setof vertices.
Proof:  Exercise. []

Lemma 4.5 Everyunreachablesubgraphis a graph slice over somesetof vertices.
Proof:  Exercise. []

Lemma 4.6
Proof:  Exercise. []

Here are some interesting” x-point' propertiesof graph slices statedwithout proof; * x-point'
becauseequationsl and 2 have the form and the equality in equation3 has the form

Lemma 4.7 Let

1.
2.
3.

Proof:  Exercise. []

5 Modelling program slicing using graph slicing

We now modelthe O-O and Weiser'sslicing algorithmsin termsof graphslices. To do sowe rst
notethatthe programdependencgraphsandthe extendeddependencgraphsare not directedgraphsor
multigraphs;insteada PDGis a hypegraph[Ber89] while anextendedPDGis a 7ttupleasdened below.

Modelling O-O slicing algorithm

De nition: A abstractPDG is a 3ttuple, .., where and with the constraints
that; if then and . Notice that the tuple,, ...Is a directed
graph.

The set abovecorrespondgo the setof vertices, to thesetof ow andcontrol edges,and
to the def-orderedgesof a PDG. The constraintover elementsof  speci esthe conditionthatif there
existsa def-orderedge in the PDG of a programthenthereexist ow-edges and
in it. This de nition by no meanscompletelymodelsa PDG sinceit doesnot modelthetypes

12
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associatedo verticesand edges. Thesetypesare not necessaryincethey are not usedby O-O slicing
algorithm to identify the verticesbelongingto a slice.

The O-0 slicing algorithm may be modelledin termsof graphslicesas follows.

De nition: If i ...iIs anabstractDG and i ...then i ...such
that , , and .
It is clearfrom the constructionthat ,, ...is a directedgraphand that . To establish
that is a PDG we only needto prove the additional constrainton
Lemma 5.1 In thede nition aboveif then and
Proof:
and
(de nition of abstract PDG)
and and
and
and

We now prove that the union of O-O slice is the sameas the slice over the union of their slicing
criterion. This has earlier beenproved by Repsand Yang [RY89]. They useddeductivereasoningto
establishtheir proofs. In contrastour proof procedureghroughoutthe paperhave calculationalstyle.
Theseproofsare@better® accordingGries[Gri91], a proponentof this style becausahey are shorterand
easyto internalizesincethey directly showthe assertionbeingestablishedy symbolmanipulation.

Theorem 5.2
Proof: Let i i i .., and
" ... Fromde nition of graphslicing andthe model of O-O programslicing above
we know that: and . We only haveto provethat
We now prove that ie. if then

13
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Modelling modi ed Weiser's slicing algorithm

De nition: An abstractextended®DG is a 7+tuple,, ...where,, ..
is an abstractPDG and and , , ,
and

In thefollowing discussiorwe denotethe 7+tupleconstructeciboveas and i

The set denotegthe set of variablesin the program. The sets and relateto the
def use andreachingde nitions of the programas follows:

iff ,
iff , and
iff
Further,the setof variablesin is the sameasthe set

The denition of abstractextendedPDG containsall the constraintsnvolved in the constructionof
a PDG andthe setof relations,exceptfor the typesassociatedo the verticesand edgesof the PDG. To
modelthe extendedWeiser's slicing algorithmwe de ne an auxilliary function as follows.

De nition: . Whenever
can be determinedunambiguoslyfrom the contextthe function is simply statedas

This function is equivalentto the if-then-else expressionin the de nition of modied Weiser's
slicing algorithm of Section 3.

Lemma 5.3 iff

Proof: Exercise.

De nition: i e ...suchthat:

, and
Lemma 5.4 " ...asde nedaboveis an abstractextended®DG for the programrepresentedy
the abstractPDG

Proof: Hint: Feasibility Theoemof [RY89] and construction.
This implies that i

14
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We would now investigatenhow union of Weiser'sslice relatesto the union of their slicing criterion.
To do sowe rst extendthe de nition of slice aboveto take a slicing criterion consistingof a 2ttuple
consistingof a set of statementsand a set of variables’

De nition: The slice " ...is de ned by replacing by in the previous
de nition.

Lemmab.5 If or then

Proof: Exercise.Hint: If or then

De nition: An abstractextendedPDG is feasibleif there exists a program that correspondgo it;
otherwiseit is infeasible

Theorem 5.6 suchthat
stract extendedPDG.

Proof: Hint: A PDG is adequateto represenfprograms[HPR88b]. Thusthe programrepresentedy
the union of abstractextendedPDGsshouldbe the sameasthat dueto the union of the abstractPDGs
containedin them. But the union of setscorrespondingo the reachingde nitions in "

" ..may not be the sameas the correspondingetin the abstractextendedPDG for the
program represented)y » »

Due to the aboveresultit is not worth investigatingthe union of abstractextendedPDGsresulting
from modi ed Weiser'sslice. But from the point of view of programslicing the abstractextendedPDG
generatedrom slicing is not important, but the programrepresentedy it is. This programis, as just
statedrepresentetdy the abstraciPDG containedn the abstracextended®DG's. Thefollowing theorem
thenstateshe constraintainderwhich a programslice generatedy the union of Weiser'sslicing criteria
is the sameas that due to the union of the independenslices.

i i ...Is not a feasible ab-

Theorem 5.7 If or then
Proof: » n
Theorem 5.2
Lemma 5.5
This result may be statedas: For any program if or then
i i ... The analogousassertionWieser [Wei84] makesmay be
statedas: i i i ... Our theoremthereforeprovesa more

generalassertion.

# Note that Weiserextendedhis slicing criterion only to allow setof variablesandnot setof statementsOur extensions thusmoregeneral
thanthat of Weiser.
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l T- l T-

/VZ \ VZ\‘5 /VZ \5 v2 \

v4 VS Y v4 Y v5
v3 v3 v6 v3 V6
Base A B A[Base]B
Figure5 Exampleof integratinggraphvariants.A is createdfrom Baseby deletingvertex = andedgesincidentuponit.; B
by addinga newvertex andthe edge . Thesechangesare preservedn A[Base]B.
vl \11 \11
/v2 \ /v2 \ /v2 \
v4 v5 v4 VS v4 VS
\ ' / \ '\ / \ .\ /L
V6
Base A B
Figure6 Exampleof interferinggraphvariants.A' is createdby removingthe edge from Base B by addingthe
vertex andthe edge . The two variantsinterfereand hencecannotbe integrated.

6 Graph-theoretic foundations of integration

HPR Integration theorem

The previoussectiondened the notion of graph-sliceasa parallelto programslice. We would now
seewhat the HPR integrationalgorithm doesif it operateson graphs(insteadof PDGs)and usesgraph
slicing insteadof programslicing. We call this abstractHPR integrationalgorithm

De nition (AbstractHPR integrationalgorithm): Let and two graphsthat are variations of
Graph , the integrationof and is de ned as follows:

, Where:

and

The two graphsdo not interfere if and

Note that the Type Il interference(relatedto feasibility of PDG) can not be translatedto directed
graphssince there are no constraintson their structure.
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In therestof this sectionthe symbols ,and areusedasshorthandor , ,
and , respectivelyasde ned above. Thesymbols , , , and havethe samede nitions
as above.

Figure5 givesanexampleof graphintegrationandFigure6 of variationsof graphsin which changes
interfere. Their discussionis includedin the captionitself.

Theorem 6.1 (Structural integrationtheoem) If graphs and do not “interfere' with respectto
then

1. '
2. , and
3.

Proof: The rst two clausedollow from the de nition of non-interferenceThe third clauseis proved
in Lemma6.1.4.

De nition: Henceforththesymbols and  areusedto de ne thefollowing
and

Thefollowing lemmade nes somepropertiesof the symbolsde ned above. They are statedwithout
proof.

Lemma 6.1.1

ok wdE

Proof: Exercise.

Lemma 6.1.2
Proof: Exercise.

Lemma 6.1.3 and

Proof:

17
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. Symmetricallyfor .

Lemma6.1.4
Proof: From de nition .

If then suchthat then from Lemma
6.1.2 . We will show that , implying thereby
that

) Symmetricallyfor .

Now we show that

18
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Reps' integration algorithm

Reps[Rep90]studiesalgebraicpropertiesof programintegrationoperation suchaswhetherthereare
laws of associativityand distributivity. For instance associativityin the contextof programintegration
meansthat@f threevariantsof a programareintegratedoy meansof two-variantintegrationsthe same
resultis producedno matterwhich two variantsareintegratedrst®. To investigatesuchpropertiesReps
formulatesthe HPR integrationalgorithmasan operationin a Brouwerianalgebraconstructedrom sets
of dependencgraphs.A Brouwerianalgebrais a distributivelattice with an operation characterized
by iff . In this algebrahe de nes the programintegrationoperationsolely in terms
of , and  operations.

Just as for HPR integration algorithm, one can abstractReps' integration algorithm for graph
integration by simply replacing “program' and “program dependencegraph' by “directed graph' and
“slice' by “graphslice' in Reps'description. This is to saythat one canconstructa Brouwerianalgebra
from setsof directedgraphsas well.

Sincethe abstractedalgorithmreadsthe sameasthe original algorithm, but for the useof different
terms,we do not expandon it further. We leaveit to the readerto validateour claims.

7 Semantics of graph slicing and integration

The graph slicing and integration algorithms developedabstractedvarious program slicing and
integration algorithms without concernfor any interpretationassociatedo the graph. Since we do
neitherrequireany constraintson the structureof the directedgraphsnor on the contentsof its vertexor
edgeswe cannot associateany interpretationto it that may be analogoudo interpretationof programs.

Onemay howevernotethat the graphintegrationoperationis de ned usinggraphslicing and other
graph-theoretioperations.We thereforestudy the meaningof the resultof integrationin termsof some
abstractinterpretation and the slicing operation.

An interpretation,broadly speaking,is a mappingof elementsof domain of study to a domain of
interpretation.

De nition: Let bethedomainof graphs, be the domainof verticesusedin constructingelements
of . Let bethe domainof interpretationwith an equality function . Let be an
interpretationof verticesin elementf . We denote to bethe interpretatiorof and

We will show that if the interpretation satis es the following slicing axiomsthen the semantic
integrationtheoem statedahead,is also be satis ed, irrespectiveof the speci ¢ interpretationand the
structureof domain
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Axiom 7.1 (Slicing axiom)
Corollary: (Slicing corollary) .

De nition: The interpretationof a graph with respectto the graph is saidto be similar at vertex
set if the interpretationof at is the sameas the interpretationof at i.e. ;
otherwiseit is changedor different

De nition: , the setof verticesof graph and with
similar interpretations.

De nition: , the setof verticesof graph whoseinterpretationsn and are
different.

Theorem 7.2 (Semantidntegrationtheoem)Let bethe graphresultingfrom a successfuintegration
of graphs and with respecto graph andlet beaninterpretationof thesegraphs.If satis es
the slicing axiom then  preserveghe:

changesin interpretationof  with respectto , i.e.
changesin interpretationof  with respectto , i.e.
similarity in interpretationsof , , and , i.e.

, wWhere

Proof: Followsfrom Theorem6.1 (the StructurallntegrationTheorem) slicing axiom, andthe following
observations.

, and

where , ,and asde ned in the previoussection.

8 Related Works

VenkateshVen91]performsan analogousstudyof semanticof varioustypesof programslices. He
classi estheresultof variousslicing algorithmsalongthreedimensions:staticvs. dynamic,forward vs.
backward,and closurevs. executable.The staticand dynamicslicesareasde ned in Section2.

A forward slicesis the setof statementsvhosevalueswould be affectedby the valuesof a variable
at the beginningof a program. A backwad slice is the set of statementghat affect the value of a
variableat the end of a program. A closue slice is the setof statementselatedto a variablethrough
a closureof somedependenceThe set may neitherform a syntacticallyvalid programnor preservethe
behaviorof the original programat the statementin the slice. An executableon the otherhandshouldbe
syntacticallyvalid aswell aspreservehe behaviorof the programat the statementgnclosedn theslice.

In this paperthe algorithmswe model generatestatic backwardexecutableslices. Forwardslicing
algorithmsasin [Bin91] typically performtransitiveclosureof all outgoingedgesn a graph. This canbe
modelledeither by a) reversingthe directionof the edgesin a graphand performinggraphslicing or b)
by de ning a dual of unreachableubgrapht a subgraphthat cannotreachany vertexin its complement.
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The dynamicslicing algorithmsof Korel and Laski [KL88] and Agrawal and Horgan [AH90] are
adaptationsof static slicing algorithmsof Weiser's [Wei84] and Ottensteinand Ottenstein's[O084],
respectively.Korel and Laski adaptWeiser's algorithmby performingincremental ow analysison the
“trace' of a program'sexecutionwherea traceis the sequencef statementsepresentinghe execution
of the programfor a given input. An analogousadaptationof our modi ed Weiser's algorithm may be
performedto model their algorithm.

Agrawal andHorganadaptO-O slicing algorithmby de ning a notion of ReducedynamicProgram
Dependencé&raphandthe programtrace. A dynamicslice of a programat somestatemenp for some
input is the setof statementghat reachp in the correspondingReducedDynamic Dependencésraph.
Agrawal and Horgan's slicing methodcanthereforebe modelledusing our graph-theoretidramework.

The notion of closureand executableslice is relatedto the syntaxand semanticsof the program
associatedo a slice of a graph representation. The syntactic validity correspondgo the notion of
feasibility- is therea programfor which graphslice is a representation.This notion aswell as that of
semanticgs outsidethe scopeof the abstractionperformedby a graph.

9 Conclusions

In this paperwe developthe graph theoretic foundationsof algorithmsfor programslicing and
programintegration. Thisis acheivedy abstractingttensteir& Ottenstein'qO-0)[0084]andWeiser's
[WeiB4] programslicing algorithmsand Horwitz, Prins, & Reps' (HPR) [HPR88a]and Reps'[Rep90]
programintegrationalgorithmsas operatingon directedgraphsinsteadof programdependencgraphs.
The bene ts from the generalizatiorare summarizedbelow and elaboratedupon later.

1. It providesa simpler platform to investigatealgebraicpropertiessuchas intersectionand union of
slices.

2. It providesa uniform framework to model different program slicing algorithms and investigate
propertiesof their sliceswithout concernfor the underlyingrepresentatiomr programsemantics.

3. It classi espropertief programslicesandprogramintegrationinto structuralandsemanticategory:
the rst of which may be provedby graph-theoreticeasoningtself.

4. It makesHPR andReps'integrationalgorithmstransparenof the underlyingprogramrepresentation
andoutlinesthe requirementdor otherrepresentation be quali ed for usewith thesealgorithms,
see Figure 2.

5. The graphintegrationalgorithmcan be usedto integrateversionsof any artifact (not just program)
that may be abstractedas graphsand the meaningof the resultingartifact can be derivedfrom the
meaningpreservedy a slice in this representationseeFigure 2.

The rst benet canbe seenfrom our discussionsn Section4 and 6. Thesesections respectively,
introducethe notionsof graphslicing andgraphintegrationwithout mentioninganythingaboutprograms
or their representations. They presentalgorithmsto perform the respectivefunctions and establish
propertiesof their resultsindependenbf any programof its representation.

Section5 modelsO-O andWeiser'sslicing algorithmsusinggraphslicing. The O-O slicing algorithm
is modelledusinggraphslicing and mathematicamodel of programdependencgraph. Weiser'sslicing
algorithm is modelledin termsof O-O slicing algorithm and an extendedPDG representatiorr PDG
extendedwith three other programrelationships.
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This modelling has the bene t that propertiesof Weiser's slice and O-O slices can be compared
mathematically.To do sowe rst generalizeWeiser'sslicing criterion + ,, statementset”of variables..
to, set"of statement,set”of variables..and derive the following results:

1. The setof all O-O slicesof a programforms a lattice with vectorunion, , asthe meetoperator
andvectorintersection, , asthe join operator.The setof all Weiser'sslice doesnot form a lattice
with theseoperators.

2. We generalizeWeiser's assertionthat:

i.e. union of slicesperformedon the samestatemenbver differentvariablesis the sameasthe slice
performedon that statement®ver the union of thesevariables,

to: i i f or

i.e. union of slicesperformedon a setof statementsand a set of variableis the sameasthe slice
performedon a union of thesestatementover the union of thesevariables,if either set of the
statementsare identical or set of the variablesare identical.

Section6 abstractHPR integrationalgorithm over directedgraphs. Sincethe algorithmis de ned
primarily usingprogramslicing andset-theoretioperationdts abstractioroverdirectedgraphis straight-
forward. Horwitz, Prins,and Repshavede ned the meaningof the operandsf integrationandits result
using the operationalsemanticsof proceduralprograms.

We de ne the relationshipbetweenthe operandsand resultsof integrationas two separaterela-
tionships. The rst is a structuralintegrationtheoremwhich de nes relationshipsbetweenslicesof the
operandsand resultsof integrationover different setsof verticesrepresentingchangedand preserved
behavior. The secondis a semanticintegrationtheoremwhich de nes the relationshipbetween mean-
ings' of theseprogramsusing an abstractinterpretation It saysthat if the interpretationassociatedo
a graphsatis es a slicing axiom (statedinside) then the result of integrationwill satisfy the semantic
graph integration theoem

This implies that HPR slicing andintegrationalgorithmscan be usedwith graphrepresentationfor
programsother than PDGs for which the slicing axiom hold. A candidatefor sucha replacemenis
Yang's programrepresentatiorgraph [Yan90].

RestatingHPR's integrationtheoremby abstractinghe specic representatiofPDG) andinterpreta-
tion (operationakemanticshasthe bene t thatthis algorithmmaynow be usedfor integratingversionsof
anyartifactthatmayberepresentedsgraph. Further,for everyinterpretatiorassociatedo this graphthat
satis esthe slicingaxiomonecanderivethe meaningof theresultusingthe semantidntegrationtheorem.
Sincegraphnotationssuchasdata- ow diagrams ER-diagramsstructurecharts,state-transitiomiagrams
are prevalentin representingpecications and designs[Pre87]it implies that one could potentially use
the abstractHPR integrationalgorithm for integrating ‘non-interfering' versionsof speci cationsand
designsaswell. Its usehoweveris subjectto associatingnterpretationgo thesenotationsthat would a)
satisfy the slicing axiom and b) capturethe intuitive or formal meaningwe associateo thesenotations.
Exploring theseis beyondthe scopeof this paper.
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